Abstract-Type-II superconductors are expected to be extensively used in the designing of dc power grids due to their reduced use of space, high transport current capability, and nearly zero resistive losses. Nevertheless, these systems will have to share the right of way of the currently installed ac network, reducing the costs of development associated with the superconducting (SC) cables without the need of increasing the right of way. Under the theoretical framework of the critical state model and the numerical solution of Maxwell equations in the magneto quasi-steady approach, in this paper, we present a comprehensive study of the effects of applying an ac transverse magnetic field to a type-II SC wire of rounded cross section it utilized for direct current power transmission. Our numerical results can be used as a practical benchmark for determining the minimal losses and magnetic impact of dc SC lines subjected to external oscillating magnetic fields. The local dynamics of the flux front profile of current density, the resulting density of magnetic flux, the total magnetic moment of the wire, and the curve of ac losses for different conditions of dc current and transverse AC magnetic field are presented. Our results are compared with simplified analytical approaches, demonstrating the importance of considering the concomitant action of dc current and ac magnetic field by the use of numerical methods, mainly at low values of applied magnetic field relative to the intensity of transport current and the full penetration profile of current density.
I. INTRODUCTION
T HE remarkably low energy losses exhibited by type-II superconductors under direct current power conditions and the need to increase the share of renewables, both present new challenges and opportunities for the development of large-scale power grid projects in urban areas. In an urban area, the deployment of new power lines implies the need to accommodate these lines into existing duct banks, this is due to the lack of space for future construction and the severe restrictions that the right of way policies imply. However, under these AC-DC conditions, the understanding of the electromagnetic response of DC superconducting (SC) wires becomes tangled, as the added external magnetic field magnetizes the wire with power losses increasing after each cycle.
From the physical point of view, the technological implementation and commercial usefulness of type-II superconducting materials for large scale applications such as DC power transmission cables, are customarily measured from the accurate estimation of the electromagnetic response of the superconductor under local variations of the ambient magnetic field, with the simultaneous condition of transport-current. Thereupon, for the deployment of this technology, one of the major physical quantities which allows to assess the practical performance of these systems in terms of economical assets for a long term operation, is the value of the maximum dissipation-free current or electric power dissipation (losses), and that in terms of oscillating electromagnetic excitations is simply called AC-losses. In this sense, despite the electric power hysteretic losses associated to a superconducting material are somewhat smaller than the range of power dissipated in normal metals, from the practical point of view, the superconducting technology is still not so attractive to replace the power technology based on copper wires, because in order to keep the temperature of the superconductor below T c , heat removal requires a sophisticated and costly cryogenic system [1] . Then, in order to make the superconducting devices more attractive and competitive with respect to other technologies, by following the simple idea of reducing the power hysteretic losses, it is of utter importance to clarify the physical meaning of the AC-losses for the case of SC materials subjected to different electromagnetic perturbations (magnetic field and/or transport current). This discussion will allow us to clarify under what conditions the AC-losses of DC SC wires subjected to oscillating (AC) magnetic fields, can compete with its direct rival, i.e., SC wires used for the transmission of AC current.
The paper is organized as follows. In Section II, we disclose the theoretical framework supporting the calculation of the AClosses and related electromagnetic features of our system, and then, in Section III, we present the results obtained from our calculations in an infinitely long cylindrical SC wire under the experimental conditions depicted in Fig. 1 , including the most important concluding remarks that was derived from this study.
II. MACROSCOPIC APPROACHES FOR THE ELECTRODYNAMICS OF TYPE-II SUPERCONDUCTORS
When the physical properties of type-II superconductors is described in terms of the Maxwell equations, the mesoscopic distribution of vortices across the superconductor is simplified through a mean-field approach for a volume containing a big enough number of vortices, and the use of a material law which incorporates the intrinsic properties of the material in the SC state. The underlying concept behind this approach is already a classical subject well known as the critical state model by Charles P. Bean [2] . In this sense, the response of the SC sample is provided by assuming that the electrical current density vector J (oriented perpendicular to the direction of the local magnetic field vector B) compensates with the pinning force (J × B = F p ), and then, it is constrained by a threshold value J c (i.e., the material law) which defines a local critical state for the array of magnetic flux lines. Thus, in view of Faraday's law, external field variations are opposed by the maximum current density J c within the material, and after the changes occur, J c persists in those regions which have been affected by an electric field. However, it is worth mentioning that the Bean's ansatz just apply to vortex lattices composed by parallel flux lines perpendicular to the current flow, and unless for highly symmetric situations J does not necessarily satisfy the condition J = J ⊥ . In fact, rotations of B can lead to the coexistence of nonparallel flux lines where the entanglement and recombination of the flux lines brings a component of the current density along the local magnetic field, J . This component generates distortions which also become unstable when a threshold value J c is exceeded, giving way to the so-called flux cutting phenomenon [3] . Nevertheless, in the two dimensional symmetries as considered in this paper, where the direction of the applied magnetic field is always perpendicular to the infinite surface of the superconducting sample, the generated magnetization currents result to be in the same direction of the transport current (i.e., along the z-axis if the cross section of the SC sample lies on the plane xy), implying the nonexistence of flux cutting events, and consequently reducing the material law of the critical state model to the flux pinning events with J ≤ J c .
Irrespective on how the material law is invoked, i.e., either by the critical state model J ≤ J c or by a customized E − J power law, in most of the cases, the real experimental conditions allow to analyze the dynamics of the system into a Magneto-Quasi-
Steady (MQS) regime of the time-dependent Maxwell equations accompanied by material constitutive laws, H(B), D(E), and J(E).
Thus, Faraday's and Ampere's laws represent a coupled system of time evolution field equations ∂ t B = −∇ × E, and ∂ t D = ∇ × H − J, which together determine the distribution of supercurrents within the sample. The induced transient electric field is determined through an appropriate material relation J(E), and is used to update the profile of J. Furthermore, as the magnetic fields of interest are some fraction of the critical transition magnetic field H c2 that is much greater than the penetration field H c1 , the distribution of vortices and the corresponding supercurrents will be thermodynamically favoured to go into the superconductor, such that a ramp in the magnetic field is induced by the external excitation within the interval [t, t + dt]. Thus, as a consequence of a very fast diffusion (elevated flux flow resistivity), the electric field quickly adjusts to a constant value along the excitation interval, and once the magnetic field ramp stops, E goes back to zero again [4] . Moreover, as equilibrium magnetization is usually neglected in the critical-state regime, one is enabled to use the relation B = μ 0 H, so that there are no average surface currents.
It is to be noticed that the displacement current density D does not disappear into the general formulation of the Maxwell equations for type-II superconductors, and it seems not possible to build a constitutive law in this case due to the impossibility to measure the transient charge densities inside of the superconductor. Nevertheless, the correct use of the MQS approach and its due importance allows to overcome this difficulty. In simple terms, the MQS approach implies to assume or consider very slow and uniform sweep rates of the external excitations (magnetic field sources and/or transport current), such that the transient variables E, D and ρ become small, and proportional toḂ, whereasB,Ė andρ result negligible. Then, the main hypothesis within the MQS regime is that the displacement current densities ∂ t D are much smaller than J and vanish in a first order treatment. This causes a crucial change in the mathematical structure of the Maxwell equations, i.e., Ampere's law is no longer a time evolution equation, but becomes a purely spatial condition, ∇ × H J, with approximate integrability condition ∇ · J 0. Thus, Faraday's law becomes the unique time evolution equation, and the evolution profile H(r, t) can be obtained from
where ρ(J) plays the role of a nonlinear and possibly nonscalar resistivity that should properly incorporate the physics of the threshold and dissipation mechanisms associated to the flux depinning and flux cutting mechanisms. This reduction of the Faraday's law which is called for the purposes of applied superconductivity as H-formulation, is indeed the starting point for all the other electromagnetic formulations where the dependent variables can either be the fields E [5] , J [6] , or A [4] , [7] . Thus, whatever the formulation, the MQS approach is per se implicit. On the other hand, it is worth recalling that the MQS approach has been proven to be valid only for frequencies as high as 300 MHz [8] , where more sophisticated formulations might be needed if a proper description of the macroscopic electromagnetic response of type-II superconducting materials at higher frequencies is desired.
From the numerical point of view, as the initial conditions must fulfill the Ampere's law ∇ × H l = J l as well as ∇ · H l = 0 and ∇ · J l = 0, the Faraday's law is solved by assuming an evolutionary discretization scheme,
, where H l stands for the local magnetic field at the time layer lδt, and the current density profiles are related to some magnetic diffusion process that takes place when the local condition for the threshold value of the current density, J(r) ≤ J c (r) is violated. Thus, as the constitutive law D(E) is not used in the electromagnetic formulation for type-II superconductors due to the MQS approach, the magnetic "sector" is decoupled from the charge density profile because the coupling term (charge recombination) has disappeared. In this sense, notice that the local profile H l+1 can be solved in terms of the previous field distribution H l and the boundary conditions at time layer (l + 1)δt.
Finally, In order to achieve a closer connection with the experimental scenarios, macroscopic measurable quantities such as the hysteretic AC losses per unit time and volume (Φ) of a SC with finite crosssection Ω, for cyclic excitations of frequency ω, can be calculated by integration of the local density of power dissipation (E · J) as,
Likewise, the SC magnetic moment (per unit length, l) of the SC wire can be calculated by the vectorial expression:
Both of these quantities will be calculated for a cylindrical SC wire of infinite length (2D approach), which is aimed to transport a DC current of intensity I a , but that is concomitantly subjected to an AC transverse magnetic field of amplitude B a as it is shown in Fig. 1 .
III. OBSERVED ELECTROMAGNETIC FEATURES
In Fig. 2 we present the dynamics of magnetic flux lines and profiles of current density for a low amplitude of the external magnetic field, B a = 2 (μ 0 /4π)J c R, and moderate intensity of the DC current, I tr = 0.5 I c , accordingly with the experimental conditions shown in Fig. 1 . In this case, it is to be noticed that the DC transport current is being applied to a premagnetized SC wire, a case of study which aims to take into account any magnetic relaxation process that could arise beyond considering magnetically virgin samples. Thus, the wire is first subjected to an oscillating (AC) magnetic field of certain amplitude, and once a full magnetic hysteretic cycle is achieved, the ramp of transport current is turned on until a maximum DC value is reached when the oscillating field B 0y = 0. Then, a new hysteretic behaviour starts, which will cover the cycle of magnetic relaxation between the concomitant action of the AC field and the DC current, and then, the period of time from which cyclic hysteretic losses occurs. Therefore, subplot 1 in Fig. 1 shows the initial premagnetized state of the SC wire, from which the ramp of transport current is turned on, leading to the deformation of the flux front profile as it is shown in the subplot 2, for which I tr = I a /2 I c and B 0y = B a /2 (μ 0 /4π)J c R. Then, once I tr reaches its maximum at the time step 3 (subplot 3), where the applied magnetic field is equal zero, the resulting profile of current density show the characteristic axisymmetric flux front of type-II SCs subjected to the action of only transport current. However, as the SC has been already subjected to an external magnetic field, and therefore to a magnetization process, the resulting electric field at the elements where J i = J c is greater than in the case of considering a magnetically virgin sample. It implies therefore that the amount of local density of power dissipation E · J increases, and consequently the AC losses. However, it is worth mentioning that contrary to the strong location of the local density of power losses reported in Ref. [9] , for the case of considering the simultaneous action of an AC transport current and an oscillating transverse magnetic field, in the present case, we have not found any remarkable feature on the local profiles of electric field, different to state that the maximum density of local energy losses is observed at the surface of the superconducting sample at any given time.
Thus, when the SC wire is premagnetized, the stabilization period of the profiles of current (Fig. 2 ) density takes up to two peak-to-peak cycles of the oscillating magnetic field, showing a hysteretic cyclic behaviour from the time step 9 to 17, i.e., during the third peak-to-peak cycle of B 0y in Fig. 1 , and the afterwards cyclic. Nevertheless, we have found that once the stabilization period is overcome, the resulting profiles of current density and lines of magnetic field for virgin or magnetized samples do not depend on the magnetic history of the SC wire, and the same kind of physical features are observed regardless of the intensity of the AC magnetic field or DC transport current being applied.
The phenomenon above described can be also observed from the magnetization loops that were derived from our experimental conditions (see Fig. 3 ). It is to be noticed how at least one cycle of the AC magnetic field has to be considered before the magnetic stabilization of the system is achieved, which is due to the effect of the DC transport current, and it means that the resulting magnetization loop showing cyclic hysteretic characteristics, has a smaller enclosed area than the one attained during the first cycle of (isolated) magnetic excitation. More striking is the fact that as the DC transport current increases, the shape of the magnetization loop (M y (B 0,y )) becomes more square-like shaped, reaching the saturation of the magnetic moment at AC magnetic field of amplitudes lower than B p = 8 (μ 0 /4π)J c R, with B p being the analytical solution for the minimum value of applied magnetic field that is required to saturate the SC wire in absence of I tr . This phenomenon implies that when the SC wire exhibits the full saturation state, there is the possibility to achieve a fast transition from the magnetically stable region with a positive (or negative) constant magnetic moment towards its counter magnetic moment of same amplitude, in a quasi-boolean logic.
It is worth reminding that the resulting magnetization loop for type-II SCs with I tr < I c and B 0y > 0, under the critical state regime which is valid for at least frequencies lower than 300 MHz [8] , does not depend on the frequency and timedependence of the function describing the oscillation of the external magnetic field B 0y (t), either it be triangular, sinusoidal, or otherwise, but on its own amplitude B a . Finally, in Fig. 4 we show our results for the calculated AC losses in the cyclic hysteresis regime, is compared with the semi-analytical approach of Gurevich et al. [10] : [10] . Otherwise, for low values of magnetic field B a < B p /2 (μ 0 /4π)J c R, we have found that the semi-analytical approach underestimates the actual contribution of the inductive losses due to the motion of local lines of transport current, this as consequence of the magnetic pressure exerted by the AC field, particularly when b a < i † a . In fact, in Ref. [11] , it has been demonstrated that when both, the applied magnetic field and the transport current, are AC excitations, the actual hysteretic AC losses of the SC wire are in general greater than the ones estimated when isolated excitations are considered. A similar case is obtained when the transport current is DC, although physically, the reason that motivates the increment of the AC losses for this case, and the corresponding deformation of the flux front profile, is the rise in the magnetic pressure exerted by the magnetization currents over the so-called lines of injected/transport current, rather than the consumption of magnetization currents due the oscillation of I tr observed in Refs. [11] and [12] . This paper completes the study of cylindrical superconducting wires for the transmission of DC/AC transport current that are subjected to diverse configurations of DC/AC transverse applied magnetic fields reported in Refs. [11] and [12] . Further comparison with experimental evidences in Rutherford-type superconducting cables is being planned, as well as the elucidation on the influence of the aspect ratio of superconducting strips in the semi analytical approaches valid for rounded superconducting wires.
